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e of completeness properties of intuitionistic predicate logic for

uctive models

vant

.CT

le consider a principle of constructivity RED which states that every
ble predicate over the natural numbers is (weakly) recursively enumer-
r.e.). RED is easily seen to be derived from Church's thesis CTO

y construction is given by a recursive function"). Results:

D implies that the species of valid first order predicate schemata

, not r.e., and hence - that intuitionistic first order predicate

igic L1 is incomplete.

» construct a specific schema of L1 which is valid if RED, but un-
‘ovable in L].

le two results above hold even when validity is generalized to validity
.th KREISEL-TROELSTRA [70]'s choice sequences as parameters.

ie method is used also to construct a schema of Ll’ unprovable in Ll’
it of whose all metasubstitutions with Z? number theoretic predicates
e provable in Heyting's arithmetic A. This is a simple bound on pos-—

‘ble improvements of the absoluteness result of LEIVANT [75].

JRDS & PHRASES: Intuitionistic predicate logic, completeness,

Church's thesis, absoluteness.







[RODUCT ION

1ISTORICAL NOTE

jodel was the first one to note that (weak) completeness of Ll implies
iples which are dubious from an intuitionistic viewpoint, namely -

7's schema with choice parameters. Godel's argument is presented in

iL [62] §6.

\ccording to this, in order to show that

Church's thestis CT0 implies the (weak) incompleteness of L]

fices to prove the inconsistency of CTb with the version of Markov's
1 mentioned above (although CTb is consistent with Markov's schema

it function parameters). This step was performed only recently by

STRA [741].

[nstead, KREISEL sketched in [70] p.133 a direct proof of (*) using
irsion theoretic argument. Kreisel's sketch was elaborated (indepen-
r) in VAN DALEN [72] §4 and in LEIVANT [72] §4, both using a modified
sion theoretic argument which utilizes a lemma due to C. Jockusch.

"he present note is a simplification of Kreisel's method: both the re-

()

m theoretic techniques and the metamathematical principles used

:duced. The application mentioned under (4) in the abstract is new.

'HE IDEA OF THE PROOF (OF (1))

le first note that the theory of primitive recursive computations can
1icked in the language of L,1 (2.1 below). That is, for every primitive

iive (p.r.) function f there is a schema G[Eq,Z,S,F ..,Fn] of Ll’

1°°
‘intuitively) every model of G contains a submodel isomorphic to w,

: . +
Eq, Z and S are interpreted as =,0 and the successor relation y = X

and where Fl""’Fn mimick the computation instructions for f, so

‘of . Troelstra has noted that the recursion theoretic idea here is
.ose to VAUGHT [60].




chat Fi(xl,...,xr,y) corresponds to fi(xl""’xr) =y, and fn = f,
Hence, if R(e) is a certain arithmetical property of r.e. sets Wes we

*
1ave a schema R of L1 for each e < w s.t.
(x%) Rz is true in every structure = R(e) holds in w.

If, in addition, R: is of the form U » E, where U is purely universal
ind E is purely existential, then R: is persistent under extension of mo-
lels, and consequently the converse of (*x) holds as well.

Thus, for a numeric predicate R for which all RZ'S are of the form

tbove,
Tk ) { e l R: isvalid} = { e | R(e) }.

I.e., an r.e. set of schemata of L1 corresponds to an index set of r.e.
jets. By the Rice-Shapiro theorem, an r.e. index set must be characterized
'y a particularly simple condition; this agrees with (**%*) because each
L: is indeed of a very simple form.

Let us now force certain (unary) predicate letters P,Q,... occurring

n RZ = U > E to be decidable, i.e. — we take in place of RZ the schema
U & Vvx (Pxv aPx) &... > E

hich is still of the form U' - E with U’ purely universal. But now, if
ED is assumed, the predicates P,Q,... must range over r.e. sets in every
wdel isomorphic to (w,=,0,kx.x+>. Each RZ interprets then a number theore-
:ic statement of the form VxA(e,W,). Roughly speaking, the implicit quanti-
ication over species involved in stating "RZ is valid" corresponds, under
ED, to an additional universal numeric quantifier in R(e).

We may now pick up a predicate R for which { e | R(e) } is (provably)
ot r.e., and by (xxx) the species

ro* A

s, := { "Ry | Rz is valid }

- *1 . . . . . .
s also not r.e. But S, := {rRe } 1s recursive, since this is just a

2

e<w
’




s of syntactically characterized schemata. Consequently the species
Sy = { “F" | F s a valid schema of L}

. r.e., because S, = S, n S

1 2 3°

- 1.5, FORMAL SETTING

ANGUAGE

lur metamathematical setting is the intuitionistic theory of species

| inspection on the proofs below shows that actually only a small

mt of L2 is used, but since it is of little value for our purpose to
.t this fragment precisely we do not bother to do so.

RAWITZ ([65] p.72) has shown that Heyting's arithmetic A is interpre-
in L2; however, to avoid notational complications we shall conse-

y use explicitly low case m,n,p etc. for variables ranging over num-—
i.e. over the definable species of natural numbers), and low case
etc. for unrestricted first order variables. We also assume that A

1 as L2 contain symhols and defining equations for all p.r. functionms.
'he system we study is first order intuitionistic predicate logic L],
it equality and without function symbols. We shall find it convenient
er also to L1 extended to the language with all constants of A ( =,

1ls and p.r. functions). We write LlA for the resulting system.
'HE VALIDITY PREDICATE

1
. classical case) is standard. Semi-formal details can be found e.g.

arski's definition of a Hl validity predicate Val for L] (analogously
DELSON [64] pp.50-53. The central property of Val is of course

H  val("e™ <« wp' vX G [X/?]
2

ich schema G of L2’ where P is the list of all predicate parameters

. . > . . . . . 1.
ing in G, X is a corresponding list of predicate variables, D 1is a




unary) predicate variable and GD comes from G by restricting all quanti-

iers to D.

To avoid confusion one should note that the predicate Val does not ex-
ress any analysis of the notion of constructive truth (contrary to truth
efinitions like Godel's functional interpretation, Beth's and Kripke's
emantics and the various notions of realizability). Here the constructive
ontent of L] shows only through the constructive meaning given (in LZ) to
he logical connectors occurring in Val. Since we certainly intend to give
o the first order connectors the same meaning in L2 as in Ll’ our discus-

ion is insensitive to any specific analysis of contructivity.

.5. THE SCHEMA RED

RED, for '"Recursive Enumerability of Decidable predicates' reads
Vo [ Pn v aPn] = 5-3eVn [ Pn <> {eln=~0 ]

here {e} is Kleene's notation for the e'th general recursive function,

€. —

{eln=m := 3z T(e,n,z) & U(z) = m.

Let us see how RED compares with the metamathematical principles used

.y VAN DALEN [72] which, slightly restated to fit into our formalism, read

s follows.

i) The schema of choice ACVN in the form
VX2 [ vx3In<t X(x,n) -~ BaV+NVX X(x,ax) ]
where VN is the type of lawlike functions from the universe of first
order objects to natural numbers (p.80, 1.4-5).

ii) The principle of dependent choice DCNV (793 there)

VX2 [ vnIx X(n,x) =~ VyﬂaN+V L a(0) =y & Vvn X(a(n),o(n+1)) 11




shurch'

lote th

hich 1

hen

hich i

sis CT:
levn {e}n = a(n)
';n the positive version of RED
(n,m) -+ 3JeVn A(n,{el}n)
mmediate consequence of ACNN E
m v =Pn ];

(m=0 > Pn) & (m#0
by CT

ie}n ~0 <> Pn ],
ctually the last step requires
A(x,y) - 3eVx A(x,{el}x).

n by LIFSHITS [74] to be stric

rivable

» To s«

vn)]

aker (

ume




). CHARACTERIZATION OF (WEAKLY) RECURSIVELY INSEPARABLE PAIRS OF R.E. SETS
IN L] VIA RED

!.1. A FINITE AXIOMATIZATION OF PRIM. REC. COMPUTATIONS

In the language of Ll’ fix three predicates Eq(x,y), Z(x) and S(x,y).
le think of these as representing equality, zero and the successor relation.
et AS ( = the axiom of the theory of successor) be the conjunction of the

:losure of the following formulae of Ll'

1) Eq(x,x)

2) Eq(x,y) & Eq(x,z) - Eq(y,z)

3) Z(x) » [ Z(@y) < Eq(x,y) ]

4) S(x,y) - [ S(x,z) <> Eq(y,z) ]
5) S(x,y) - [ s(z,y) <> Eq(x,z) ]
6) Z(x) > ~S(y,x)

7) 3z Z(z)

8) Jy s(x,y)

Let {fn}n<w be an enumeration of all p.r. functions where each fn is

lefined in terms of {fi}i<n through the following familiar schemata.
1) (zero) fn(x) =0
2) (successor) fn(x) = x (:= the successor of x)
3)q,i (projection) fn(XO""’xq) = x; (i<q)
4)q,r (composition) fn(xo,...,xq) = fm(fio(xo""’xq)’"”fir(x0’°°"xq))
(m,io,...,ir<n)
5) (recursion) fn(O,x) = fm(x)
£y %) = £,(7,5f (y,%) (m,2<n)

hese equations may be axiomatized by

*

17) Fn(x,v) <~ Z(v)

2*) Fn(x,v) >  S(x,v)

* -

3 )q,i Fn(XO""’Xq’xi) (i<q)




(4 )q’

(5)

For ev

respon

2.2. W

where

E is h
negate
G

comes

We als

(2)

Fij(XO""’Xq’
Z(z) ~» [ Fn(z,x,

jsr

S(st) & Fn(st’

let Cn be the con

o the defining equ

r below (2.6) to s
D[P,Q] ~» ~=E[F ,
e unary and Fm,Fn
D[P,Q] := Vx (
fixed schema of L]

schema G of Ll’ 1
by replacing the

5¥)s... by X =y,
ng the "general” v
variables: nysny s

now

[ W
}‘IZ la"']—'( Gm,n )

1

valtl("e “7
—_— m,n

L Fn(xo,...,xq,v) > Fm(yo,...,yr,v) )
Fm(x,v) ] &

[Fn(w,x,V) > Fz(y,x,z,V) ]

on of the closure of all formulae cor-

for fi’ i <n, and

a G of the form

m,n

nary predicate letters (m<n), and where
Px ) & vx (Qx v ~Qx ).

. of » and V, where only P and Q occur

write G* for the schema of LIA which

ates Eq(x,y), Z(X), S(X,¥) 5000,

+
V=X 50005 ¥ = fi(xl""’xn)"°'

es of L2, X)X s+-- S8Y, by correspond-

W LW,
?,Q { D[P,Q] ~ ~-E[F_,F_;P,Q] }

(Recall that F?(x,y) =y = fi(x). )

, {DIW_,W_ 1 + =-E[W_,W ,FOFYT )
e‘ ez el e2 m n




here

{elx =0

i

We(X)

dz [ T(e,x,z) & Uz =0 ]

0 .
ote that Valzl( Gm ﬁ ) is a purely arithmetical formula.

3

.3. LEMMA.

Plz fn(po,--«,pq) =5 =

[a & 2(y,) S(y;»v;,) > E (v TRP A v ) ]

&
i<max[p0,...,pq,s] Py q

00F: By primary induction on n and secondary induction on max[po,.. ,p 1.
: fn is one of the three basic functions (zero, successor and prOJectlon)
1e statement is trivial. If f is defined by composition,

fn(pO""’pq) = fm(fi (pO""’pq)’°"’fi (pog...,pq)),

0 r
1en for the equations
fl (pos°°"Pq) = to
O ®
) g fi (po,...,pq) = tr
T
L fm(tO""’tr) = g
: have by induction hypothesis
A\
) Aj & Z(yo) & i<nJ S(y. ,yl+1) -+ Fj(yko,...,ykj)

r the r + 2 values of <J,n .k k > corresponding to the equations (1).

09
ing schema (4 ) which deflnes F here we get

M
) A& Z(y)) & FONCIC I D e Fn(ypo,--.,yp 5Yg)




where

M := max[n. ,...,0. ,0_ 1 2 n
— i i’ m :

. . . S . .
(note that 10,...,1r,m<n). Since, however, A~ implies

max[po,...,pq,SJSi<Mayi S(yi’yi+1)

we can cut down the length of the premise of (3) and obtain

M

iSmax[po,...,pq,s

An & Z(YO) ]S(yi’yi'l']) - Fn(y 5003y  HY

Py Py s

as needed.
The case that fn is defined by recursion is treated similiarly, ex-

cept that here we proceed also through the secondary induction. O

2.4. PROPOSITION:

o re¢ Y-
FIZ YélﬂrAn ” Gm,n ) = Yal( Gm,n )

PROOF

(i) Assume Val(‘—An - Gm,nﬂ). Then trivially (by second-order V-eliminat
Val("Ag + G g“). But Ag is true, since the arithmetical
— 3
= + : r w
=,0,% ,fo,...,fn satisfy A . So Val( Gm,n_b'
(ii) Assume Val(rGm %1), and fix P,Q, i.e.-

H]

(1) p“[P,Q] - 1ﬂEm[kpq-fm(p)=q,kpq-fn(p)=q;P,QJ

Towards proving An * Gp (P,Q] assume A, and D[P,QJ. In particular
DY[P,Q], and so by (1) ~=EY.

We proceed by induction on the complexity of E, making essential us
of the absence of - and V. This we do by looking at closed subformu

H®(n) of EY and proving

(2) ®G) ~ A - Ix H(x) ]




‘aszs. If H is P,Q,7P or =Q, then (2) is trivial. If H is Fm or Fn’

HW® = fn(p) = q say, then by 2.3

M

(3) An & Z(YO) i<max[p,q]s(yi’yi+l

) > Fn(yp,yq)

and by AS (which is one of the conjuncts of An) we can cut down the

premiss of (3) and obtain
'An -> Bxl,x2 Fn(xl’XZ)

nduction step. 1f H = H; & Hp or H = Hj v Hy then (2) for H is implied
trivially by (2) for Hy,Hy (ind. hyp.). If HY = 3Zm Jw(m,;) then for

some m J(@,n) and so by ind. hyp.
A > IyaxI (v,X) .

. w . w
ow setting H = E we get E° > E and since we have -nE, we get =-E as re-

uired. O

.5. PROPOSITION

0
' W Zl ~ W=
!L2+RED Val( Gm,n ) Val™i( Gm n )

9
ROOF. The implication from left to right is trivial. Assume, on the other
and,

50
1) Val l(rcm ) Ve

% 1°

1

e, { vn ( Weln v ‘ﬂWeln ) & Vn ( Wezn v 1Wé2n )

> ‘HEwEqu.fm(p)=q,>\pq-fn(p)=q; w,sW, 1}
)

owards proving Val(rGm ﬁﬂ) fix P and Q and assume
9

von (Pn v Pn) & Yn (Qn v =Qn ).




y RED

vde e, [ P = wel & Q 1.
y (1) edicate logic we thus ge antecedent -nE[Fm,
m,ﬁEP’ a
.6. PR ION
_ r A Z? rn WA
L2+RED Val( An ” Gm,n ) Va1l ( Gm,n )
ROOF : ate from 2.4 and 2.5. [
Fi
[Fm,Fn; P,qQ] = Ix [ yv,X) & P(x) 1]
v 3x [ y,x) & Q(x) ]
v 3Ix [ - & =1Q(x) 1
Va , ) reads then: the r. s S1 := { ¢ | Jdp
nd S2 q | 3p Fm(p,q) } are (we inseparable by any
ecidab . sets.

BIBLIOTHEEK MATISCH  CENT st

TE YRS




J. WEAK INCOMPLETENESS OF L1 (under RED)

0
3.1. PROPOSITION. The species S := { <m,n> | Valzl('“Gm 2”) } isn

3

J)ROOF. Assume that S is r.e.,

<m,n> € S = 3q So(q,m,n), S0 prim. rec., say.
set 0
A iz A+ Valzl(rG “7) | <m,n> ¢ S }.
—_ m,n
[.e.,
(1) Prov, (p,"FY) = Prov,((p),,i(p,FFM) & S'(p)

vhere i is a prim. rec. function which satisfies

s (< rea i\ Z? r
1(<P0’<q]’ml’n1>s---:<qrsmr:nr>>9 F) = ]SerVal ( Gm

ind

1

s*(p) Y| en() () s (P 15 ()5 )
ZEQYA+ is a prim. rec. proof predicate for A+, proven in A to sati
2lementary derivability conditions.

2Ry which are proved in A to
joint and recursively inseparable. (Note that the proof given by

R0GERS [67] p.94 thm. XII(c) for the existence of such a couple ho

Fix now a couple of r.e. sets R

intuitionistically.)

_ . 0, .
(2) R, = {j| 3R (1)}
et
(3) Q = {] | 3n [ Rg(n,j) & Vm<max [j,n] -Prov,  (m, L
= {j| 3n F (n,j) }
1
Lf
(4) ProvA+(k,rl7) & Vm<k'1ProvA+(m,rl“)

then Ql’QZ are finite sets and furthermore




(5) Qi(j) = joe Qi (i=1,2) and

are all recursive. Since R ,,R, are provably disj

1°72
=3n [ ﬁU](n) & ﬂUé(n) 1.
So we have obtained

vn [ U]n v ﬂUln 1] & vn[ U2n v -1U2n ]

-13n [ Qz(n) & U](n) 1] & Adn [ qu(n) &

0
i.e. -G % [U ,U,] and so ﬂValzl(rG “ Ty, A
m,,m 1°72 -_ m,,m
1°72 1°°2
in A, i.e. -
(6) Ip Prov,+(p,"1M K ‘\Valz(l)(rG v
P _ES_A+ P A val ml,mz

But (in L2) A is known to be sound, so by d
7 -3p ProvA+(p,rl“).

This implies that_Qi = Ri (i=1,2), and since Rl’

inseparable, we get by the definition of G

0

(8) valTl(re  © )
s Ry}
and so
ZO w
(9) He Vel l(e by the defi
1°™2

Combined with (6) this gives
I'A+ —|3p PrOVA+ (p,rl—’)

#hich contradicts Godel's second incompleteness

13
IEERETNE)
1

we have also

3n [ Ql(n) & Uz(n) 1 &
n) ]

s argument is clearly

ion (1) of ProvA+

known to be rec.

of A .




Combining 2.6 and 3.1 we get

'HEOREM I (weak incompleteness)

I_L2+RED ~vn [ Val(n) - P_r,_](n) 1 0

.2. The result of 3.1 can be classically improved by the following

0—complete.

'ROPOSITION: S := { <m,n> | W W rec. inseparable } s I,

]’RZ of recursively

nseparable r.e. sets. Let k(e), hl(e), hz(e) be prim. rec. functions de-

'ROOF. (essentially due to C. JOCKUSCH) Fix a couple R
'ined (through the s-m-n theorem) by
X € Wk(e) = Jy<x y € We

W, nR,

whl(e) = %) "Hy th(e) = Wee) " Ry

hen: (1) We finite = wk(e) finite

= whl(e) and WBz(e) finite

= <h1(e),h2(e)> ¢ S
(ii) We infinite = wk(e) =N
wh.(e) = Ri (i=1,2)
i
= <hl(e),h2(e)> €S
o the set

I:

{ e] W, i8 infinite }

educes to S. But I is known to be Hg—complete (cf. ROGERS [67] p.326, 1.3),

nd hence S is also Hg—complete. g

By a double-negation translation of the proposition, we get that

he following is provable in intuitionistic arithmetic A.




(1) Vs { P(s) <> Aaa3e,xt¥n [ ne s <> T(e,n,r) &

wvhere P is a p.r. predicate stating that s is a code of a un

>f the form

(2) Vx-+3y Q(x,y,n), Qq.f.,

1e€s is (2), and s, is a specific predicate of the from (2)

0
that W(n)O and W(n)] are weakly recursively inseparable.
One can now prove theorem I as a corallary of (1) above

‘orward manner.

}.3. A SPECIFIC EXAMPLE TO THE INCOMPLETENESS OF L1

JROPOSITION. There are m,,m, s.t.

IL-Z2+RED Yil(rAm M ) & ﬂEEL (rAm M Gm

2 Ty 1 2

f"IRST PROOF. Let R R2 be as in 3.1, Ri = Wh (i=1,2). As in

]’

hen have r
O .
H val¥l(rg_ © )
2 e )
thich by 2.6 implies
' - -
D I-12+RED Val( Am2 - Gml,m2 )

jut Am2 > Gml,mz is obviously not valid classically, and so |

less of L? relative to classical validity)

]ﬁﬁ A+ G

2 b )
ind then of course
= A + G 0

edicat

state

straig

8) we

nplete-




SECOND PROOF. Let RI’RZ be as above, and let Ql,Qz,m],m2 be d as i
}.1, but with ProvA in place of ProvA+, where AO is p.r. (i qunati

free) arithmetic.

Since

l-iz ~3n Prov Ao(n,"f')

7e conclude (1) as in the first proof.

On the other hand, if

12) }—Ll Am2 > Gm],mz[P’Q]
‘hen for every binary arithmetical predicates UI’UZ
w
3) }7\ Vk G_ . [Ap.U, (k,p),Ap.U,(k,p)].
0 1272
et, in particular
- 0
Ul(k,p) = —adm<k Rz(m,p).
2 1
p.Ui(k,p) is the Ui of 3.1 (5) if 3.1 (4) holds for k. Thus, 1 3.1
4) hK ProvA (k,F17) & wm<k —»ProvA (m,"L™)
0 0 0

> -1Gml,mz[kp.Ul(k,p),Ap.Uz(k
ombining now (3) and (4) we have

b\o -3k Prov AO(k,"r')

ontradicting Godel's second incompleteness theorem. [
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3.4. INCOMPLETENESS W.R.T. VALIDITY WITH CHOICE PARAMETERS

Let a be a variable for choice sequences, and assume that for the kind

>f choice sequences considered we have
(1) Va-de a = {e}

vhich is the case for the choice sequences investigated by KREISEL-TROELSTRA
2701 (cf. 6.2.1 there).

(1) implies quite trivially for every negated formula -A(a)

(2) Ve -A({e}) + Va-A(a).

Let us refer now to a notion of validity with choice parameters,

[gl?s say; i.e. -

va1®5(re) Vo Val(re*M)
there G” comes from G by replacing each atomic subformula P(tl’°"’tn) by
’(a,tl,...,tn). (This is not weaker than allowing the choice parameters to
e distinct for each predicate letter, as can readily be seen.)
A straightforward observation shows now that the whole treatment of
ec. 2, 3.1, 3.2 and 3.3 (second proof) works when Val is replaced by ValCS
‘ 0
but ValZl remains unchanged), provided of course the schema RED is general-

zed to

3) REDCS : Va { vx [ P(a,x) vaP(a,x) ] =+ -a-3evn [ P(a,n) <> {eln=~017]}

ut by (2) RED®S is implied outright by RED, since RED is negative, and (3)
ith o varying over total recursive functions is just a special case of (the

uantified variant of) RED,




b L1 IS NOT Z?—ABSOLUTE FOR A

te1. DEFINITION. Let C be a class of number theoretic predicates. A sent
:[Pl,...,Pk] of Ll is said to be C-absolute for S iff

H? G[?*,...,P;]

or every PT,...,P; in C. We thence define more formally Z?—absoluteness

or A as

0
i a
1) AbsyI( G[Pl,...,Pk] )

Vel,...,ekap ProvA(p,"G[We ,...,We i)
1 k

or every schema G of L1 (whose predicate letters are among P

n

l,...,Pk)
here, if P, = P,, '
J J

Wé.(ml,...,mn) = {ej}<m],...,mn> ~
J
; is said to be C-absolute for S if
L, = {6 | ¢<s C-absolute for S }.

n LEIVANT [75] L] is shown to be Hg—absolute for A. Here we show that L1

s not Z?—absolute (even for a weak fragment of A).

.2, Fix a schema G = G[Eq,Z,S,F],...,F 3 P],...,Pk] and write

n

e

G GLw

il

N ]
(e)g (&) niice2

=: G[Eq,...,P"

-

The Z? predicates z* and §* define a structure isomorphic to

+ . .
1,0,Ax.x > through a general recursive function v, as follows.
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v(0) := un.z"(n)
v(m+1) := un.S" (v(m),n)

Ne(m) := 3n v(n) =~ m.

I is uniquely determined by e, and we define the arithmetical formula

&> Ne by restricitng all quantifiers of G in G° to Ng.

'ROPOSITION

0
. 21 i aWe a8 e,Ngn
1) [z Absyl("6™) > Ve Pr,("A_~G )

or every formula G of Ll’ where n Zs a bound on the indices of the predi-

ates Fi which occur in G.

'ROOF. Let A be given by a Gentzen natural deduction system (cf., e.g.,
'‘RAWITZ [71]). Fix G = G[Eq,...,Fn; Pl,...,Pk] as above, and assume the

yremise of (1),

2) Ve Pr, ("(c")7)

Let e be given, Eq* = W(e) s Z* = W( ) see03 N := N ., For a formula
0 € €

[ of A write B for the formula which comes from H by interpreting
* *

:,O,Ax.x+, A§,y.fl(§) = V,... by Eq*, Z*, S, Fl’“"’ and restricting

uantifiers to N. It is easily verified (in A) that for each inference rule

<J.>.
11

K

p

f A, the implication

My,
101

s derivable in A + Am[Eq*,...,F;] = A+ A; where m is a bound on the
ndices of p.r. functions occurring in {Ji}i,K. (Note that this would have
ailed for the induction rule if the entire domain of the successor rela-

. *
ion S was taken as Ne°)




Let now

e' := <(e)n+2,...,(e)n+k+2>

()¢ = ¢[=,0,...3 w(e,)o,...,w(e,)k].

y (2) there is a derivation A for

1]

hi (Gm)e

. . . . * .
ince adding prim. rec. functions to a system A" 2 A is conse
*

, We may assume that no p.r. function with index > n occur
iscussion above, using induction on the length of A we there
lude that

7

' e

((c*)® = ¢

5 derivable in A + A;’ as required. 0

.3. Let now E E[(F ,F ; P,Q] be as in 2.6.
m m’ n

9

ROPOSITION
0 0
Zi(rg Y- 21 5
k; Absy 1 ( Em’n )+ Abs I( A >E T

3

00F. Assume

w, e
1) Ve Pr,("(E_ )™

3

id fix an e,

* *
Eq := W 5 see 5 F =W ;
(e)0 n (e)n+2

* *
P =W s Q := VW .
(e)n+3 (e)n+4

4.2 now (1) implies

e e,N
. E e
) hK An M m,n




is existential,
1,0

ke ®Ne 5 g
A "m,n m,n

ls

e
( An - Em,n )

=1

0
fying over e reads éh§§l(rAn 3

[ II. There are m],m2 s.t.
zy
- -1
sl Chy v, LT

Ll’RZ’Ql’QZ’ml’mz be as in the

be rec. inseparable, and since
11} = = 1
R "9 =R & Q=R

(]

H Ve,,e, E (W ,W ]
A 172 m,m, e’ e,
s
0
z w
1(r -
r@ éh§A ( Em ,m ).
1°72
>:0
1¢r 1
}—A Abs), (Am2—>Em]’m2 ).

hand we have from 3.3

 ~Pr, ("A_ - E M.
A ——L1 m, m,

my-my

‘of 3.3. R
’_YA (x’rl-‘) s

21
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